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A study on Some Difference sequence spaces and their
Matrix transformations over Non —Archimedean fields

J. Uma, V. Srinivasan

Abstract— In this paper we define some difference sequence spaces over non-Archimedean fields and the matrix transformations of these
sequence spaces, where the sequences, series and infinite matrices have entries in a complete non-trivially valued non-Archimedean field

K as in [7].

Index Terms— Bounded,convergent and null sequence spaces, Difference sequence spaces, Matrix transformations, Non-trivially valued

non-Archimedean field.

1 INTRODUCTION

et |, ¢ and ¢, denote the Banach spaces of bounded
convergent and null squenes x = (%) € K,k =1,2...,

with [|X| =sup|x,| . In this paper we extend the difference
k
sequence spaces| | (A),c(A) and c4(A)of [5] to Al (p), Ac(p)

and Ac,(p),where p=(p, )beabounded sequence of
0 p K q

strictly positive real numbers .ie,1 < p = < sup P <®.

If Ax=(Ax )=(x, =X, ), then these spaces

are defined as follows:
Al (p)= {x = (%) sup|ax,|™ < oo}
k

Ac(p) ={x = () :]Ax, —a, | — 0ask — oo for some o € K }
and Aco(p):{x=(xk):|Axk|pk -0 ask—>oo},whensup Py <.
k

When p, =c, a constant, k=1,2,...,

Al (p) =1,(A),Ac(p) = c(A) and Acy (p) = ¢ (A)
and the above difference sequence spaces are
non-Archimedean Banach spaces with

the norm”x"A = |Xl| + ||AX|| .
Here we prove that (Al (p),[||,) is a non-Archimedean

Banach space.
Let(x") be a Cauchy sequence in Al (p) ,where

x" :(xi"):(xl",xzn, ....... Ye Al(p).
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Then for each ne N, we have

X" —xM —0asn,m — oo.

0

p
“ i “Ax” - Axm“

n m
=X —X
A ‘1 1

e p
This implies that ‘xln - xlm‘ “ >0asn,m— o, and

henceJx "X " P 0as n,m — oo, then by the completeness
of K, (X, ") converges to some X, in K.

ie, limx" = x, k =1,2....

Further for each & > 0 there exists an integer N = N(¢) such that

for alln,m> N and forallk eN .

Pk Py
n m n m n m
X =% ‘ <é, ‘Xk+1 X —(4 =X )| <¢

Then as m —» » , we have,

Mg (1)

n

Py
Xln - le‘ = Xl - Xl

lim
m

and

P
. n m n m n n
lim ‘Xk+l X — (% =X )‘ :‘Xk+1 X~ (X =X <&

foralln>N. )
since ¢is not dependent on k, We have
P
Sup X1 =X = (6" =) <e
= HAX” —Ax” <e ®)

Consequently we have,

X" —X“A = ‘xln -X ‘pk + “Ax” —Ax”w <2, using(1)&(3).

Hence we obtain x" — x(n — ) in Al_(p),where x=(x) .
Now we must show that x € Al_(p). For, we consider

Pk N N N N Px
|Xk_xk+1| :‘Xk_xk X X Xk — X
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Pk

N N
Xear — X = (Xeag —X)

")
)

< max{‘ka Xy

Pk

N N
Xerp o — X = (Xisr = Xk)

N N
= SUD{‘Xk ~ X1
k

<g, forallk eN

That is., SUp|X, — Xy | ™ < 0.
k

Hence Ax, €1, (p) implies that xe Al (p) .

1.1.Lemma:
SUp|X = Xq < <00 iff
k
(i) supk x| <o and
k

<00,

(ii) sup‘xk Kk +D) x|
K

Proof:

Let sup|x, — X 4™ <.
k

Then for each k €N there exists an integer M >0

such that [x, —X,;|™ <kM . (4)
To prove (i):
Now,
K Pk
|X1 - Xk+1| P = Z(Xv - Xv+1)
v=l

<kM
= kX =X <M

= supk Hfx, |* <0
k

To prove (ii):

Now for each keN we choose an integer M such that

M > max(1, supk’1|xk|p“). ®)
k

Then we have

‘Xk (k1) x|

- _ P
=‘k(k +1) l(Xk _Xk+1)+(k +1) 1Xk‘ ‘

=(k +1)_1|k(xk Xt )+ X | i
<(k+1)* max{ K[ = Xiean] " 0™ }
< k(k +1)'1max{ |Aax | kx| }

<k(k +1) "t max(kM, M), using(4)&(5)

k2
<
(k+1

P

ie., sup‘xk —k(k+1) x| <o
k

Conversely suppose that (i) and (ii) hold, then there exists
integers M; (>0) and M, (>0) such that

K™ <My and [x, —k(k+D) Dxea|™ <M, ©)

Now,we have,
k+1 _ _
=l ==k k) k(e ) g

Px

k+1

= = () - k(D) P

:%maxﬂxk CK(k+D)

Pk +1)-1|xk|pk}

< %max{lvl 1L,M2}, using(6)

< %M where, M = max(M1,M2)

= Sup|x — Xq| " <0

Which completes the proof of the lemma.

2 Matrix maps:

If X and Y are any two sequence spaces, then(X, Y)
denote the class of all infinite matrices
A= (ank ) a, €K, nk=12.., that maps X in toY,

i.e., for which the series (Ax), =Zankxk coverges for all
k=1

xe X and alln=1,2..., and such that Ax =(Ax), €Y
for all xe X .Here Ax is called the matrix transformation of

the sequence x = (X, ) .

IJSER © 2015
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 6, Issue 3, March-2015 265

ISSN 2229-5518

2.1.Theorem:
Let p, >0foreveryk=1,2,..., then Ae (Al,(p)l,)itf

for every integer N>1,
sup k|ank|N%’k <. 7)
k

Proof:

Suppose that (7) holds as in [1], now let p, >0,k=1,2...,a

x=( % ) € Al, (p) implies that sup|x, — X, 4|* <.
k
Now choose N such that N > max(l, sup k’1|xk| Py (8)
k

then, we have

0
z Bk X
k=1

< max{ T - W }

Ssgp{ e}

|(Ax)n| =

< supk|a,,|N o ,using(8)
k

<00
Hence Axe(l,,), i.e., Ae(al(p)l,).

Conversely suppose that for an integer N>1
supklay [N o _ o
k
That is., (kank N %’ k J ¢(l,,(A),1,).Therefore there exists

x el.,(A) with Sup|x, —X,.;|=1such that
k
Sup k[ay X — X2 |N Jo _ w.
k

Hencey = (N %’k Axk] € Iw(p) implies that

the sequence ((Ay)n ) 1, ,Which is a contradiction
to the fact that A < (Al ,(p),1.,).
Which completes the proof.
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